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Abstract 

o 

We show that (in contrast to a rather common opinion) QM is 

not a complete theory. This is a statistical approximation of classical 

^ ' statistical mechanics on the infinite dimensional phase space. Such an 

X.- approximation is based on the asymptotic expansion of classical statis- 

D ', tical averages with respect to a small parameter k. Therefore statisti- 

'-^ ' cal predictions of QM are only approximative and a better precision of 

measurements would induce deviations of experimental averages from 
S^ . quantum mechanical ones. In this note we present a natural physical 

interpretation of k as the time scaling parameter (between quantum 
and prequantum times). 

1 Introduction 

In [1] we showed that the conventional quantum formalism can be 
obtained as a statistical approximation of classical statistical mechan- 
ics on the infinite dimensional phase space. Such an approximation 
is based on the asymptotic expansion of classical statistical averages 
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with respect to a small parameter n. By representing points of the 
phase space ("hidden variables") by classical vector fields, V( x ) = 
(q(x),p(x)), we can interpret our prequantum theory as a field theory, 
prequantum classical statistical field theory - PCSFT. 

We emphasize the basis of PCSFT is given by the model of "nonempty 
vacuum" inducing so called vacuum fluctuations, cf. SED, and differ- 
ent variants of stochastic QM and random field theory [2] [11] (cf. also 
with "prespace" considered by B. Hiley [12] and in the probabilistic 
framework in [13]). The author was also strongly influenced by papers 
[14]-[18], and especially the recent review [19]. 

In the present paper we interpret the small parameter n as the 
time scaling parameter. This gives the possibility to couple our model 
with studies in general relativity, string theory and cosmology on the 
structure of space-time on the Planckian scale. 

To choose the small parameter of our model, k, we should choose 
quantum and prequantum time scales. There are a few different pos- 
sibilities and we shall use one of them. We choose the atom time-scale 
in QM and the Planck time-scale in the prequantum classical theory. 
At the atom scale we consider the "Hartree time": 

h 

Eh 



t q = tn 



where Eh is the Hartree energy. Under such a choice of time scales, 
our small parameter is given by 

K = tL « io- 27 . (i) 

The choice of the atom time-scale is motivated by the fact that 
this is the characteristic time scale of atom physics, physics in modern 
laboratories. We can call this scale observational time scale. The 
choice of a prequantum time scale is an essentially more complicated 
problem. At the present time we are not able to observe directly 
prequantum fluctuations. Thus we do not know the characteristic 
scale of those fluctuations. We can only speculate. The choice of the 
Planck time-scale is just one of such speculations. 

We show that QM can be interpreted as an approximative descrip- 
tion of physical reality which is obtained through neglecting by time 
intervals At < tp. We assume that such time intervals are negligibly 
small for some observer (so At « 0). Then contributions of such a mag- 
nitude into averages can be neglected. And, hence, there can be used 
the conventional quantum mechanical rules for computing of averages. 



One of the main consequences of our approach for cosmology is that 
(in contrast to the very common opinion) the Planck time tp is not 
at all the "ultimate limit to our laws of physics " (in the sense of laws 
of classical physics). A rather common idea that only the quantum 
description is possible at the Planck scale for time and space should 
be completed by the following thesis: "Yes, the quantum description 
is possible, but it should be considered not as an alternative to the 
classical one, but as an approximation." 

The crucial point is that in our framework "classical" is not at 
all "usual classical" (i.e., classical statistical mechanics on the phase 
space = R 3 x R 3 ), but "infinite dimensional classical". Thus at the 
Planck scale physical space is fundamentally infinite dimensional. In 
our approach the conventional mathematical model of physical space, 
namely R 3 , should be rejected. We proceed in the similar way as it 
was done in string theory, but, instead of finite dimensional models, 
e.g., R 26 , we should consider infinite dimensional physical space. 

We hope that our approach may clarify the situation with con- 
structing quantum gravity. It is well known that, in spite of a partial 
success, one could not say that the "project quantum gravity" was 
completely successful. Our approach says that such a rather negative 
result might be expected. By our ideology "quantum" ~ "approxima- 
tive". But, if general relativity is really a complete (classical) physical 
theory, quantum general relativity has no meaning. Even if general 
relativity is not complete theory and a finer description is possible, it 
is more natural to assume that such a pre general relativity would be 
a new classical theory. 

Mathematically our model is based on the Brownian motion in the 
space of classical fields. The averaging with respect to a quantum state 
given by the von Neumann density operator D can be represented as an 
approximation of averaging with respect to the classical random field 
given by the Wiener process (with the covariance operator D) taking 
values in the space of classical fields \j One can imagine quantum ran- 
domness as purely classical randomness which is similar to randomness 
of a Brownian particle. The only difference is that, instead of motion 
of a particle colliding with molecules, we consider motion of a classical 
field colliding with random field media (fluctuations of the background 



J The ordinary Wiener process is a map (t,uj) — » w(t 7 uj) £ R 3 , where t and u> are time 
and chance parameters, respectively. We consider the field-valued Wiener process which 
is a map (t,u>) — > w(t,ui) £ L2(R 3 ). For each (t,u), the classical field ip = w(t,u) belongs 
to the L2-space: ip = ip(t, to, x) is a random field. 



field). The crucial point is that such a Brownian motion of classical 
fields is performed on a very quick time scale which is essentially finer 
than time scales approachable in modern physics. We are not able 
to observe this random motion directly (as we can do for the conven- 
tional Brownian motion of particles). Nevertheless, one could expect 
that sooner or later such a fine time scale would be approached and 
e.g. electron would be seen as a fluctuating classical field (interacting 
with the background field). Our model supports expectations that it 
would be possible to go beyond QM. 

We point out to the following terminological problem. Typically 
the Planck scale is regarded as quantum scale. There are numer- 
ous speculations that at this scale there is no more place for classical 
physics and the quantum description of phenomena is the only possi- 
ble one. PCSFT does not support such views. From the point of view 
of PCSFT QM is an approximative theory. Therefore it is natural to 
define quantum scale as the scale of applicability of QM. In our ap- 
proach this is the scale of quantum systems: atoms, electrons, mesons, 
neutrino,... This scale is far from the Planck scale. Thus the Planck 
scale has nothing to do with really quantum scale. Moreover, PCSFT 
does support the viewpoint that the Planck scale might be appropria- 
tive for description of prequantum fluctuations. Therefore we choosen 
this scale as a prequantum scale. Hence, in short: 

In this paper the atom scale is called qauntum, the Planck scale is 
called prequantum. 

2 On the properties of classical^quantum 
correspondence 

We define "classical statistical models" in the following way, see [1] for 
more detail (and even philosophic considerations): a) physical states 
uj are represented by points of some set O (state space); b) physical 
variables are represented by functions / : Q — ► R belonging to some 
functional space V(Q); c) statistical states are represented by prob- 
ability measures on Q belonging to some class S(Q); d) the average 
of a physical variable (which is represented by a function / e V(Q)) 
with respect to a statistical state (which is represented by a probability 



measure p G S(£l)) is given by 

<I>p^ I fWdpty). (2) 



m 

A classical statistical model is a pair M = (S, V)o 

The conventional quantum statistical model with the complex Hilbert 
state space f2 c is described in the following way: a) physical observ- 
ables are represented by operators A : Q c — ► fi c belonging to the class 
of continuous self-adjoint operators C s = C s (Cl c ); b) statistical states 
are represented by von Neumann density operators (the class of such 
operators is denoted by V = V(Q C )); d) the average of a physical 
observable (which is represented by the operator A E £ s (O c )) with re- 
spect to a statistical state (which is represented by the density operator 
D £ V(Q C )) is given by von Neumann's formula: 

< A > D = Tr DA (3) 

The quantum statistical model is the pair N quant = (T>,C S ). 

We are looking for a classical statistical model M = (S, V) which 
will provide "dequantization" of the quantum model iV quan t = (V,C S ). 
By dequantization we understand constructing of a classical statistical 
model such that averages given by this model can be approximated 
by quantum averages. Approximation is based on the asymptotic ex- 
pansion of classical averages with respect to a small parameter. The 
main term of this expansion coincides with the corresponding quantum 
average. 

One should not mix dequantization with so called deformation 
quantization, see e.g. [20]. The fundamental principle of deformation 
quantization is so called correspondence principle. By this principle if 
one considers the Planck constant h as a small parameter then in the 
h —*■ quantum mechanics is transformed into classical mechanics on 
the finite-dimensional phase space - classical mechanics of particles. 
In this framework quantum mechanics is considered as a theory which 
is more general ("precise") than classical mechanics of particles. Only 
by neglecting by actions of the Planck magnitude one can apply the 
classical description. If actions of the Planck magnitude are taken into 



2 We recall that classical statistical mechanics on the phase space f^n = R-™ x R™ 
gives an example of a classical statistical model. But we shall not be interested in this 
example in our further considerations. We shall develop a classical statistical model with 
an infinite- dimensional phase-space. 



account then the classical mechanical description of phenomena is not 
more valid. Classical predictions (for statistics of particles) can de- 
viate from quantum predictions. The latter are considered as totally 
precise. Such deviations can be tested experimentally. 

Dequantization should not be considered as the inverse operation 
to deformation quantization. One point is that a classical prequantum 
model (which we will construct) does not coincide with the conven- 
tional classical statistical mechanics on the finite dimensional phase 
space. Our prequantum model is not classical statistical mechanics of 
particles, but it is statistical mechanics of classical fields. Thus phase 
space has the infinite dimension. Therefore deformation quantization 
and dequantization simply operate on totally different phase spaces. 

Another point (which is the crucial one) is that in the dequanti- 
zation framework not quantum mechanics, but prequantum classical 
statistical model provides a better description of physical phenomena. 
The quantum description is only an approximative description. It can 
be applied only if one neglects by some small parameter (which is time 
scale parameter k in this paper). By taking into account this parameter 
one obtains a better description of physical phenomena. Predictions 
of quantum mechanics should be violated. Those violations might be 
tested experimentally. 

We remark that the procedure of dequantization does not contra- 
dict to the procedure of deformation quantization^ These are two 
different, but consistent limiting procedures. We have the following 
scale of statistical descriptions of physical reality: 

Classical field theory — > Quantum mechanics (4) 

— ► Mechanics of classical particles (5) 

In fact, all "NO-GO" theorems (e.g., von Neumann, Kochen-Specker, 
Bell,...) can be interpreted as theorems about impossibility of various 
dequantization procedures. Therefore we should define the procedure 
of dequantization in such a way that there will be no contradiction 
with known "NO-GO" theorems, but our dequantization procedure still 
will be natural from the physical viewpoint. We define (asymptotic) 
dequantization as a family M K = (S K , V) of classical statistical mod- 
els depending on small parameter n > 0. There should exist maps 
T : S K — > V and T : V — > C s such that: a) both maps are surjections 



3 Although we do not want to critisize the correspondence principle, we should remark 
that this principle (which was elaborated by N. Bohr) has never beeen totally justified. 
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(so all quantum states and observables can be represented as images 
of classical statistical states and variables, respectively); b) the map 
T : V — » C s is R-linear (we recall that we consider real- valued classical 
physical variables); c) the map T : S — ► V is injection (there is one-to 
one correspondence between classical and quantum statistical states); 
d) classical and quantum averages are coupled through the following 
asymptotic equality: 

< / > p = k < T(f) > T{p) +0(k 2 ), k^O (6) 

(here < T(f) >T(p) 1S the quantum average); so: 

/ f(i>)dp(i>) = kTt DA + 0(k 2 ), A = T(f),D = T(p). (7) 
Jn 

This equality can be interpreted in the following way. Let f(yj) be a 
classical physical variable (describing properties of microsystems - clas- 
sical fields having very small magnitude k). We define its amplification 
by: 

fM = -/WO (8) 

(so any micro effect is amplified in --times). Since k gives intensity 
of vacuum fluctuations, the quantity f K can be interpreted as relative 
intensity of / with respect to vacuum fluctuations. For such a relative 
intensity, we have: 

<f K > p =<T(f)> np) +0(K), k^O. (9) 

Hence: QM is a mathematical formalism describing a statistical 
approximation of relative intensities of classical field variables with re- 
spect to vacuum fluctuations. □ 



4 We recall that in the von Neumann "NO-GO" theorem there was assumed that the 
correspondence T between classical variables and quantum observables is one-to-one. Thus 
our dequantization violates this von Neumann condition. Therefore the von Neumann 
theorem could not be applied to PCSFT. On the other hand, the map T : V — > C s (given 
by ([HI) is R-linear as it was postulated by J. von Neumann (thus, e.g., T(f\ + fa) = 
T(/i) + T(fa) even in the case of noncommuting operators T(/i) and T(fa)). We recall 
that this assumption was criticized by many authors, in particular, by J. Bell. The crucial 
difference with dequantizations considered in known "NO-GO" theorems is that in our 
case classical and quantum averages are equal only asymptotically. We also remark that a 
classical variable / and the corresponding quantum observable A = T(f) can have different 
ranges of values. In particular, the latter possibility blocks application of Bell's theorem 
to PCSFT. 



Let us consider the class £ symp (f2) of bounded R-linear 



3 Prequantum classical statistical field 
theory 

We choose the phase space S7 = Q x P, where Q = P = H and 
H is the infinite-dimensional real (separable) Hilbert space. We con- 
sider Q as the real Hilbert space with the scalar product (^1,^2) = 
(QI1Q2) + (Pi,P2)- We denote by J the symplectic operator on Q : J = 

1 

-1 

operators A : $7 — > $7 which commute with the symplectic operator: 
A J= J A . This is a subalgebra of the algebra of bounded linear op- 
erators C(ft). We also consider the space of £ S ymp,s(^) consisting of 
self-adjoint operators. 

By using the operator J we can introduce on the phase space SI 
the complex structure. Here J is realized as —i. We denote O endowed 
with this complex structure by S7 C : J7 C = Q © iP. We shall use it 
later. At the moment consider Q as a real linear space and consider 
its complexification O c = S7 © iO. 

Let us consider the functional space V sym p(f2) consisting of func- 
tions / : ft — » R such that: a) the state of vacuum is preserved : 
/(0) = 0; b) / is J-invariant: f(Jip) = f(ip)', c) / can be extended 
to the analytic function / : ft — > C having the exponential growth: 
l/WO I ^ c/e r *IMI for some c/, r/ > and for all ^ G ^ C - El 

The following trivial mathematical result plays the fundamental 
role in establishing classical — ► quantum correspondence: Let f be a 
smooth J-invariant function. Then /"(0) € £ symPiS (f2). In particular, 
a quadratic form is J-invariant iff it is determined by an operator 
belonging to £ symPiS (0). 

We consider the space statistical states Sq (£1) consisting of 
measures p on O such that: a) p has zero mean value; b) it is a Gaussian 
measure; c) it is J-invariant; d) its dispersion has the magnitude k. 
Thus these are J-invariant Gaussian measures such that 

/ il>dp(il>) = and a 2 (p) = / \\4>\\ 2 dp(ip) = «, k -»■ 0. 
Such measures describe small Gaussian fluctuations of the vacuum 



5 We remark that the possibility to extend a function / analytically onto f2 c and the 
exponential estimate on f2 c plays the important role in the asymptotic expansion of Gaus- 
sian integrals. To get a mathematically rigor formulation, conditions in [1] should be 
reformulated in the similar way. 
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field. The following trivial mathematical result plays the fundamental 
role in establishing classical — ► quantum correspondence: Let a mea- 
sure p be J -invariant. Then its covariation operator B = cov p £ 
£sym P ,s(^)- Here (By 1 ,y 2 ) = J(y 1 ,ip)(y 2 ,ip)dp(ip). 

We now consider the complex realization £l c of the phase space and 
the corresponding complex scalar product <■,■>. We remark that 
the class of operators £ symp (f2) is mapped onto the class of C-linear 
operators £(fi c ). We also remark that, for any A £ £ S ymp,s(^), real 
and complex quadratic forms coincide: (Aip,ip) =< Aip,ip > . We also 
define for any measure its complex covariation operator B c = cov c p 
by < B c yi,y2 >= f < y±,ip >< Vm/2 > dp(tp). We remark that for a 
J-invariant measure p its complex and real covariation operators are 
related as B c = 2B. As a consequence, we obtain that any J-invariant 
Gaussian measure is uniquely determined by its complex covariation 
operator. As in the real case [1], we can prove that for any operator 
A e 4ymp,s(^) : Jq < Aip, ip > dp(ip) = TV cov c p A. We pay attention 
that the trace is considered with respect to the complex inner product. 

We consider now the one parameter family of classical statistical 
models: 

m k = (s^ symp (n), v symp (^)), k > o, (io) 

By making in the Gaussian infinite-dimensional integral the change 
of variables (field scaling) : 

V> = v^, (11) 

we obtain the following result: 

Lemma 1. Let f G V sym p(^) and let p £ Sq (Q). Then the 
following asymptotic equality holds: 



K 

2 



</> p =-TrD c f"(0) + O(K 2 ), k^O, (12) 



where the operator D c = cov c p/n. Here 

0( K 2 ) = k 2 R(kJ, P ), (13) 

where \R(n,f,p)\ < c f j n e r f^dp D c(^>). 

Here pr> c is the Gaussian measure with zero mean value and the 
complex covariation operator D c . 

We see that the classical average (computed in the model M K = 
(S^. (0),Vsy m p(f2)) by using the measure-theoretic approach) is 

9 



coupled through (fl2|) to the quantum average (computed in the model 
-Wquant = (^(^c); £s(^c)) by the von Neumann trace- formula) . 

The equality (fi~2j) can be used as the motivation for defining the 
following classical — ► quantum map T from the classical statistical 
model M K = (Sq symp , V symp ) onto the quantum statistical model 

-Equant = C^j^s) : 

cov c o 
T:S£ >Bymp (n)^V(n c ), D c = T(p) = —P (14) 

(the Gaussian measure p is represented by the density matrix D c which 
is equal to the complex covariation operator of this measure normalized 
by «); 

T : V symp (ft) -f £ S (Q C ), Vant = T(f) = i/"(0). (15) 

Our previous considerations can be presented as 

Theorem 1. The one parametric family of classical statistical 
models M K = [Sq (f2), V symp (f2)) provides dequantization of the 
quantum model iV quan t = (D(Tl c ), £ s (£l c )) through the pair of maps 
[14\ ) and [TS\) . The classical and quantum averages are coupled by the 
asymptotic equality {Hj). 



4 Time-scaling for infinite-dimensional 
Wiener process 

Let wf?,s > 0, be the Q- valued Wiener process corresponding to the 
trace class (self-adjoint) operator D > with TrD = 1. We also assume 
that D is J-commuting. Thus 

E < <f>, u>f >= 0, e O, (16) 

£ < 01, Itff >< Itff , 02 >= S < D01, 02 >, 01, 02 e O. (17) 

Then we have: 

Prob. law («£ : s > 0) = Prob. law (K 1/2 wf : s > 0) (18) 

for any k > 0. We shall see that by (jTHJ) our re 1 ' 2 -scaling of t/> S O can 
be considered as the result of re-scaling of time. 
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Our basic postulate is that quantum formalism arises as the result 
of an approximation based on the time scaling 

Let us consider a "prequantum time scale " that is essentially fineio 
than the quantum time scale. We suppose that these two time scales 
can be coupled through a small scaling parameter k > 0. Denote the 
prequantum and quantum times by symbols s and t respectively We 
suppose that: 

t = KS (19) 

Here n is a dimensionless parameter. It is assumed that 

n«l (20) 

Thus the unit interval s = 1 of the pre-quantum time corresponds to 
a small interval t = K of the quantum time. We can also say that the 
unit interval t = 1 of quantum time corresponds to a huge interval 
s = - of the prequantum time. Moreover, if k — ► 0, then s = - — ► 
oo. Therefore at the prequantum time scale quantum processes have 
practically infinite duration. 

Let us consider the time scaling (fl~9l) for the Wiener processes w® . 
We set 

w t D = «£. 

The formula (fi~8j) implies that, for any continuous function / : Q — ► R 
(which is integrable with respect to any Gaussian measure on fi), we 
have: 

Ef(W?)=Ef(J/*w?). (21) 



This is nothing else than the basic "field-scaling" formula (|TT]) ! We 
interpret W t D as the Wiener process with respect to the quantum time 
t and wj? as the Wiener process with respect to the prequantum time 
s. 

The tricky thing with the quantum formalism is that it does not 
give a possibility to find exactly the average Ef(Wf) with respect to 
the "quantum Wiener process" W t D . The main problem is that the 
interval t = k is negligibly small (from the QM- viewpoint). 

The quantum formalism provides only an approximation of the 
classical average Ef(W®). 

Moreover, to produce observable effects, the classical physical vari- 
able / should be amplified: / —*■ f K = -/. 



3 The meaning of "essentially" would be discussed later. 
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In such an approach to QM, we can proceed through expanding the 
right-hand side of (fT6l) into series with respect to the scaling parameter 
k 1 ' 2 . If we take / G V symp (0) then by using the probabilistic notations 
we can repeat considerations of section 3: 

Ef K (W? ) = Ef K ( K V 2 w?) = ^E(f"(0)wf,wf) + O( K ),K^0. (22) 

Therefore, for nonquadratic maps / : £1 — > R, QM gives only an 
approximation < f K >d= TrDf'(O) of the real average Ef K (Wf?). 

The difference between statistical predictions of QM and PCSFT 
is of the magnitude k, where k is the scaling parameter coupling the 
prequantum and quantum time scales, see (fi~9j) . What is a magnitude 
of the time scaling factor nl 

Thus by taking into account Brownian fluctuations on the pre- 
quantum time scale we can say that prequantum statistical states are 
given by Wiener measures Pp on the space Cb([0, k]), of trajectories 
V> : [0,k] — ► 0,^(0) = 0. Denote this space of such Wiener measures 
by the symbol 5 , G )Symp (Co([0, re]),fi) (we recall that [D,J] = 0). 

This is the space of statistical states of our new prequantum clas- 
sical statistical model. As the space of classical physical variables, we 
should choose some subspace of the space of continuous functionals 
/:q,([0,K],fi)-R. 

Since all our considerations are coupled to the fixed moment of 
(quantum) time t = k, we can restrict our considerations to the class 
of functionals which depend only on iP(k). So we can choose the space 
of classical physical variables consisting of functionals of trajectories, 
tp : [0, k] — ► O, of the form ijj(-) — > /(t/>(k)), / 6 V symp (0). We denote 
this class by the symbol V S y mp (Co([0, k],0)). 

Thus, finally, we consider the following classical statistical model 
on phase space consisting of trajectories Cl K = Cb([0, «],0) : 

M K = (Scsympi^), V symp (ri K )). 

We define the maps T in the same way as in section 3: 

T:S G , symp (n K )^V(Q c ), T{P D ) = D; (23) 

T : V symp 0r) -» C a (n c ), T(f) = f"(0)/2. (24) 

Theorem 2. The family of classical statistical model M k ,k > 0, 
and the pair of maps Ii23\) . {2$ provide dequantization of the conven- 
tional Dirac-von Neumann quantum model -/Vq Uant . 

12 



5 The magnitude of time scaling 

To get the small parameter of our model k, we should choose quantum 
and prequantum time scales. There are a few different possibilities 
and we shall discuss one of them. We choose the atom time-scale in 
QM and the Planck time-scale in the prequantum classical theory. At 
the atom scale we consider the "Hartree time": 

t q = t H = ^- (25) 

Here 

h 2 

E H = ? = m e c 2 a 2 w 4.35974417(75)1CT 18 J 

m e ag 

is the Hartree energy, m e is the electron mass, a^ is the Bohr radius, 
and a is the fine structure constant. Hence: 

t g = — - m 2.4188884326505(16) x l(T 17 s 

And we have: 

'KG 




t prq = t P = W ^ « 5.39121(40) x 10~ 44 s (26) 

Therefore our time scaling parameter 

K = -^— = — = a m e \ —r = a , (27) 

t„ in V cn mp 



where 



he 
mp = J w 2.176 x lO^V 
V Ct 



is the Planck mass. Thus our time-scaling parameter has the magni- 
tude: 

K ~ 10 -27 . 

Under such a choice of the prequantum scale the difference between 
statistical predictions of PCSFT and QM (given by (|22l) is of the order 
10~ . Thus, if, e.g., the classical physical variable 

/(V) = - < AV,V > +4 < M>A > 2 ,A£ C s , 

then the difference between the quantum prediction (< A >d= TrDA) 
and the PCSFT-prediction should be of the order 10 -27 . (Of course, 
under the assumption that the Planck time tp really provides the cor- 
rect prequantum time-scale!) 
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6 Links to general relativity, string the- 
ory, cosmology 

6.1 Sub-Planckian time 

We see that in the PCSFT-framework it is possible to do classical 
physics on sub-Planckian time scalqj. We recall that according to a 
rather common opinion the Planck time is "the ultimate limit to our 
laws of physics". By this point of view any classical description of 
physical reality is impossible for the sub-Planckian time. Moreover, 
there is the opinion that even the notion of time becomes meaningless 
for s < tp, see, e.g., WikipediA (The free Encyclopedia) for this very 
popular viewpoint: "However, the Planck time tp may not be taken 
as a "quantum of time." Within the framework of the laws of physics 
as we understand them today, we can neither measure nor discern any 
difference between the universe at the time it first came into existence 
and the universe anything less than 1 Planck time later." 

In the opposition to this opinion, in our approach stochastic dy- 
namics on the sub-Planckian scale (dynamics with respect to the "pre- 
quantum time" s) plays the fundamental role in reproduction of quan- 
tum averages. 

6.2 Sub-Planckian space 

By considering the sub-Planckian time scale we should also consider 
the sub-Planckian length scale. However, this is not the case in our 
modelcl 

In fact, by considering phase space £1 = Qx P, where Q = P = H is 
the real (separable) Hilbert space, we exclude from the very beginning 
the physical space R 3 from consideration. Of course, one could choose 
the representation of H by L2(R 3 ), but we did this sometimes only to 



7 The main distinguishing feature of such classical models is the infinite-dimension of 
phase space. 

8 The conventional interpretation is that the Planck time is the time it would take a 
photon traveling at the speed of light to cross a distance equal to the Planck length. 
Our approach, PCSFT, is a purely field model of reality, cf. Einstein [23]. Moreover, we 
consider fields not as "real waves" on the finite dimensional physical space, but as points 
of the infinite dimensional space. In PCSFT time is the evolutional parameter not for 
dynamics in the conventional physical space, but in the infinite dimensional Hilbert space. 
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couple our model to physics of classical fields. In principle, there are 
no reasons to introduce the physical space into consideration. 

This is a good place to discuss the role of physical space represented 
by R 3 in our model. In PCSFT the real physical space is Hilbert space. 
If we choose the realization 

# = L 2 (R 3 ), 

then we obtain the realization of H as the space of classical fields on 
R 3 . So the conventional space R 3 appears only through this special 
representation of the Hilbert configuration space. Dynamics in R in 
just a shadow of dynamics in the space of fields. However, we can 
choose other representations of Hilbert configuration space. In this 
way we shall obtain classical fields defined on other "physical spaces." 

We remark that at first sight the situation with development of 
PCSFT is somewhat reminiscent of the one confronted by Scrodinger 
in his introduction of his wave equation, which "maps" waves in the 
configuration space (the idea that in part derives from Hamilton's 
mechanical-optical analogy that led Hamilton to his version of classical 
mechanics). However, as is well known, in the specific case considered 
by Scrodinger, the configuration space and the physical space were 
both R 3 , which coincidence was in part responsible for Scrodinger 's 
hope that his equation describes an actual physical (wave) process in 
space-time. This hope did not materialize, given that in general the 
configuration space of physical systems is not R 3 . The difficulties of 
Schrodinger's program quickly led to Born's interpretation of the wave 
function in terms of probability or, as Scrodinger himself came to call 
it "expectation catalogue", which view is central in the orthodox or 
Copenhagen interpretation of quantum mechanics. Even though he 
had, just as did Einstein, major reservations concerning quantum me- 
chanics as the ultimate theory of quantum phenomena, Scrodinger 
never went so far as to see any space other than R 3 as real. 

The same can be said about Einstein's attempts to go beyond quan- 
tum mechanics. His attempts, see, e.g., [23], to create purely field 
model of physical reality did not induce rejection of the conventional 
model of physical space. Nevertheless, some of his comments might 
be interpreted as signs as coming rejection of the conventional model 
of physical space, see [23]: "Space-time does not claim existence on its 
own, but only as a structural quality of the field." "The requirement 
of general covariance takes away from space and time the last rem- 
nant of physical objectivity." And the following Einstein's remark is 
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especially important for PCSFT's view to physical space: "There is no 
such thing as an empty space, i.e., a space without field. Space-time 
does not claim existence on its own, but only as a structural quality 
of the field." L. De Broglie in his theory of double solution (the first 
hidden variable model) emphasized the fundamental role of physical 
space R 3 . Such a viewpoint also was common for adherents of Bohmian 
mechanics (in any case for D. Bohm and J. Bell). We can conclude 
that all former models with field-like hidden variables were based on 
the conventional model of physical space, namely R 3 . 

On the other hand, string theory does introduce spaces of higher 
dimensions, although not of infinite dimensions. This approach was 
one of inspirations for our radical viewpoint to physical space. One 
could speculate that on scales of quantum gravity and string theory 
space became infinite dimensional, just as those theories the space has 
the (finite) dimension higher than three. (In our approach quantum 
theory is not the ultimate theory. It has its boundaries of applications. 
Therefore there are no reasons to expect that "quantum gravity" should 
exist at all. Thus it would be better to speak not about scales of 
quantum gravity, but simply about the Planck scale for length and 
time). 

Starting with classical statistical mechanics on the infinite dimen- 
sional physical space (PCSFT), we first obtain quantum mechanics 
and then classical statistical mechanics on the finite- dimensional phase 
space: 

K-™ li™ Ayf K li™ \ 

" quant 



lim lim M K = lim A^ uant - - M convxlass . . (2f 

h— ►Ore-^0 h— »0 



7 Nonvacuum fluctuations 

The asymptotic equality (j22j) can be written in the following way (since 
we consider the class of functions with /(0) = 0) : 



lim E 



f(W?) - /(0) 



1 



< T(f) >t { p d )^ -TrDf'(O). (29) 



Denote the average (classical!) Ef(ij)+Wj?) by the symbol /(ac, ip),ip S 
Q. We have: 

Proposition 1. The quantum average can be represented as the 
derivative (at the vacuum point ifi = 0) of the classical average f(n, ip) 

at K = : 

df 

^(0,0)=<T(/)> t(Pd) . (30) 

16 



We pay attention that 

U{g){$) = ^TrDg"(V0 (31) 

is the infinitesimal generator of the Wiener process W t D , and the func- 
tion f(t, ip) = Ef(ijj + W t D ) is the solution of the Cauchy problem: 

M(;^) = I T rDf"(t,V0, (32) 

f(0,i/>) = fW (33) 

In the same way as we considered fluctuations of the vacuum field: 
VWuum + Wf(uj) — Wf(uj), we can consider fluctuations of any field 
4 6^: ijJo + Wf(u). Prom the purely mathematical viewpoint, there 
is no difference between such models. Since the differential operator 
U given by (J3T]) is the infinitesimal generator, we have the analogue of 
the asymptotic expansion for any ijjq E Q : 

Ef^o + W?) = ±E(j"(iPo)w?,w?) + 0(«), k - 0, (34) 

for any / such that f^ Q (ip) = f(ip - ipo) E V sym p(^)- Denote by P^ 0jD 
the Wiener measure on the space of trajectories C^ o ([0, At],0) corre- 
sponding to the process ipo + W t D . Here the space C^ o ([0, At],0) con- 
sists of all continuous trajectories -0 : [0, At] — » fi, -^(0) = Vo- Denote 
the space of such Wiener measures by the symbol SG, S yrap(^l ), where 

We consider the classical statistical model corresponding to the 
choice of tpQ as a (deterministic) background field: 

M$ = (£G,symp(^ ), V sym p(^, ))- 
Since, for any / G V symp (O^ ), 



by (134|) we have 



< /* >P, ,o= ^Df"ty>o) + 0(/t), ac - 0. (35) 
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We modify the T-maps for classical statistical states and variables: 

T : 5 G , symp (^ ) -► V(n c ), T(P^ D ) = D; (36) 

T : V symp (^ () ) - C s (n c ), T(f) = /"(V0V2. (37) 

Theorem 3. For any ipo S £1, the classical statistical model M% 
and the pair of maps \36\) . Ii37\) provide dequantization of the conven- 
tional Dirac-von Neumann quantum model iV quant . 

If we consider a function / : $7 — ► R such that f(ipo) ^ 0, then ([35]) 
is modified into 

= -TrDf (f ) + O{K),K -> 0, (38) 

K 2 



or 



^/(0^o)_ 7/ ,^^,_l^ 5// 



. ;/ , U(f)^ )^^TrBf"(^ ). (39) 

Thus we found that the operator of quantum averaging / — ► ^TrDf'^^o) 
is nothing else than the infinitesimal generator of the prequantum 
Wiener process. 

Remark. (Why the vacuum background?) As we have seen the 
same quantum model can be derived starting with fluctuations of any 
background field -00 • The quantum model applied in physics only for 
tpo = 0, because effects of small magnitudes could not be extracted in 
the presence of a nontrivial background field ipo. 

8 Appendix: no-go theorems, PCSFT 
and nonlocality 

8.1 Comparing with no-go theorems of von Neu- 
mann, Cohen-Specker and Bell 

The referee of this paper made the following remark on PCST: "The 
author attempts to derive quantum mechanics from a classical phase 
space which is infinite dimensional. If this is a correct theory it seems 
to imply that quantum mechanics should be derivable from classical 
physics in the limit of an infinite number of particles. A classical sys- 
tem of N non-relativistic particles moving in 3-dimensional Euclidean 
space has a phase space which is R 67V . As N — ► oo this would seem to 
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agree with the author's starting point. If this is the case then quan- 
tum mechanics would be derivable from classical fluid dynamics and 
I do not believe that this is possible." The crucial problem in such a 
discussion is interpreting the word "derive." In fact, we do not claim 
that QM can be reproduced as a part of classical phase space mechan- 
ics. We study possibilities to map the classical phase space mechanics 
onto QM. As we have seen, our classical— ► quantum mapping is a 
rather special - in particular, it is not one-to-one,- but, nevertheless, 
there is an asymptotic correspondence bewteen classical and quantum 
averages. 

However, there are no-go theorems for mathematical attempts to 
have a map from classical variables to quantum operators which pre- 
serves statistics, e.g., theorems of von Neumann, Cohen-Specker and 
Bell. The no-go theorems say: No such map exists. In this paper we 
constructed such a map. What goes? 

Our construction does not contradict to known no-go theorems, 
since our map T does not satisfy some conditions of those theorems. 
An important condition in all such theorems is that the range of val- 
ues of a classical variable / should coincide with the spectrum of the 
corresponding quantum operator T{f) - "the range of values postu- 
late." This postulate is violated in our framework. As we have seen, 
the classical spin variables are continuous and the quantum spin op- 
erators have discrete spectrum. Nevertheless, classical averages can 
be approximated by quantum. Our prequantum classical statistical 
model is not about observations, but about ontic reality (reality as it 
is when nobody looks at it). 

Henry Stapp pointed out [24]: "The problem, basically, is that to 
apply quantum theory, one must divide the fundamentally undefined 
physical world into two idealized parts, the observed and observing 
system, but the theory gives no adequate description of connection 
between these two parts. The probability function is a function of 
degrees of freedom of the microscopic observed system, whereas the 
probabilities it defines are probabilities of responses of macroscopic 
measuring devices, and these responses are described in terms of quite 
different degrees of freedom." Since we do know yet from physics so 
much about features of classical — ► quantum correspondence map T, we 
have the freedom to change some conditions which were postulated in 
the known no-go theorems - for example, the range of values condition. 
Rejection of this assumption is quite natural, since, as was pointed by 
Stapp, a classical variable / and its quantum counterpart T{f) depend 
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on completely different degrees of freedom. 

8.2 Is prequantum classical statistical field the- 
ory nonlocal? 

As we have seen, PCSFT does not contradict to the known no-go the- 
orems, in particular, to Bell's theorem. Therefore this theory might 
be local. However, it is not easy to formulate the problem of local- 
ity/nonlocality in the PCSTF-framework. It is not about observations. 
Thus we could not apply Bell's approach to locality as locality of ob- 
servations. On the other hand, on the ontic level PCSTF operates not 
with particles, but with fields. At the first sight, such a theory is non- 
local by its definition, since fields are not localized. But in field theory 
there was established a different viewpoint to locality and we know 
that both classical and quantum field theories are local. To formulate 
the problem of locality for PCSTF, we should proceed in the same way. 
Therefore we should develop a relativistic version of PCSTF. There are 
some technical and even ideological problems. As we know, relativistic 
quantum mechanics is not a well established theory (at least this is a 
rather common opinion). Thus it is meaningless to develop a rela- 
tivistic variant of PCSTF which would reproduce relativistic quantum 
mechanics. The most natural way of development is to construct a 
kind of PCSTF not for quantum mechanics, but for quantum field 
theory and study the problem of locality in such a framework. It is an 
interesting and complicated problem which will be studied in coming 
papers of the author. 

8.3 Classical statistical model for QFT 

The scheme ()4j , ([5]) is not the final scheme of descriptions of physical 
reality. 

It is well known that deformation quantization can be performed 
not only on the finite dimensional, but even on infinite dimensional 
phase space - so called second quantization, see e.g. [20] (directly 
in the case of superfields). In this way one finds the correspondence 
principle between quantum field theory and classical field theory, see 
[20] for the rigorous mathematical formulation of this principle. We 
again use the Planck constant as a small parameter. 

On the other hand, in [21] we performed dequantization of quantum 
field theory. The corresponding classical statistical model is based on 
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functional of classical fields, ip — ► F(ip). Averaging in QFT can be 
considered as an approximation of classical averaging on the space of 
field functionals. 

Combining dequantization for QFT and the correspondence prin- 
ciple for second quantization, we obtain the following scheme of de- 
scriptions of physical reality: 

Theory of functionals of classical fields — > Quantum field theory 

(40) 
— ► Classical field theory (41) 

The crucial point is that the time scales for classical field theory in 
two schemes (J3J) , ((5|) and (l4"0j) . (|4"T1) are different. In the first one we 
consider the quick time scale: 

Classical field theory ick time — ► Quantum mechanics (42) 

— > Mechanics of classical particles (43) 

In the second one we consider the slow time scale: 

Theory of functionals of classical fields — ► Quantum field theory 

(44) 
— » Classical field theory slow time (45) 

In principle we can proceed as long as we like. In [22] I proposed 
so called third quantization, deformation quantization for functionals 
of classical fields. In this way one can construct quantum theory of 
functionals of classical fields. This theory also can be dequantized and 
so on. 

Conclusion. We developed consistently the viewpoint on QM as 
an approximative theorbo for calculation of averages with respect to 
classical random fields. The parameter of the asymptotic expansion for 
classical averages is determined by two time scales, the quantum time 
scale (the atomic time scale in our terminology) and the prequantum 
time scale (the Planck time scale in this paper )\ w \ The first one is a 



9 Cf. with the approach based on the nonlinear Schrodinger equation [25]-[28]; see [29], 
[30] for the nonlinear Schrodinger equation in the PCSFT-framework. 

10 This paper was strongly motivated by the paper of G. F.R. Ellis and T. Buchert [31] 
on the role of scaling in general relativity and cosmology. We start with some citations 
from this paper: "Any mathematical description of a physical system depends on an 
averaging scale characterizing the nature of the envisaged model. This averaging scale 
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slow time scale and the second one is a quick time scale. We presented 
a classical model, PCSFT, which gives the possibility to go beyond QM 
and beyond the Planck time scale. 

I would like to thank Borje Nilsson for numerous discussions on 
scale-analysis in classical and quantum physics and G. 't Hooft and A. 
Leggett for discussions on possibilities to go beyond QM. 
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